
JOURNAL OF AIRCRAFT

Vol. 40, No. 5, September–October 2003

Compact Methodology for Computing Limit-Cycle
Oscillations in Aeroelasticity

Bogdan I. Epureanu¤

University of Michigan, Ann Arbor, Michigan 48109
and

Earl H. Dowell†

Duke University, Durham, North Carolina 27708

A technique for computing limit-cycle oscillationsof aeroelastic systems is presented. This technique can be used
also for constructing and identifying reduced-order models that characterize accurately limit-cycle oscillations.
The models presented use a spatial model reduction combined with a nonlinear identi� cation technique. The � nite
difference in time method, a methodologysimilar to a � nite element in time, is discussed. The speci� c novel aspects
of the proposed method are noted. Numerical examples analyzing the dynamics of a panel forced by a buffeting
aerodynamic load demonstrate the performance of the proposed methods.

Nomenclature
A = coef� cient of mass distribution for the panel,

considered constant
B = coef� cient of � uid-induced damping, B D ½U=Mach
bi .¿ / = basis functions for the � nite difference in time method
C = two-point correlation matrix
Ci = zeroth-ordersystem parameters
ck = Fourier coef� cients
F.Q/ = nonlinear vector function of dimension m
f = nonlinear function of dimension n
G = coef� cient of tension induced by bending
H = coef� cient of aerodynamic convection, H D ½U 2=M
Hi; j;k = second-order system parameters
Ji; j = � rst-order system parameters
L = size of the state-spacevector
M = number of snapshots
m = dimension of the reduced-ordermodel
N = number of modes/frequencies/sample points
n = number of time instants during a period
P = in-plane load on the panel
Q = coordinates of the reduced-ordermodel
q = external forcing distributed along the panel
T = period of a periodic solution
Ti; j;k;p = third-order system parameters
t , ¿ = time
U = � ow velocity
vi = eigenvectorsof the correlation matrix C
w = bending deformation
X = state-space vector
x = coordinate along the panel
x = vector of unknowns
xp.t/ = periodic solution
1 = inverse of the period T
¸i = eigenvalues of the correlation matrix C

Received 29 October 2001; revision received 9 August 2002; accepted
for publication 18 August 2002. Copyright c° 2002 by Bogdan I. Epureanu
and Earl H. Dowell. Published by the American Institute of Aeronautics and
Astronautics, Inc., with permission. Copies of this paper may be made for
personal or internal use, on condition that the copier pay the $10.00per-copy
fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923; include the code 0021-8669/03 $10.00 in correspondence with
the CCC.

¤Assistant Professor, Department of Mechanical Engineering, 2350 Hay-
ward Street; epureanu@umich.edu. Member AIAA.

†J. A. Jones Professor and Dean Emeritus, Department of Mechanical En-
gineering and Materials Science; dowell@mail.ee.duke.edu. Fellow AIAA.

» = nondimensional time fraction
½ = � ow density

Introduction

T HIS research is concernedwith the modelingof typicallyhigh-
dimensional aeroelastic systems. Many design and control ap-

plications in aeroelasticity require relatively simple models to pre-
dict the dynamics of aeroelasticsystems with as little computational
and experimental effort as possible. Reducing the complexity of
thesemodels is critical in many applicationsandhasnotbeenwidely
investigated for the case of strongly nonlinear and/or chaotic sys-
tems. In such cases an important aspect of the nonlinear dynamics
is the presence of limit-cycle oscillations. In this paper we present
a technique for constructingand identifying reduced-ordermodels,
which accurately characterize limit-cycle oscillations of aeroelas-
tic systems. The models presented use a spatial model reduction
based upon proper orthogonal decomposition (POD)1;2 combined
with a nonlinear identi� cation technique. The nonlinear identi� ca-
tion methodology employs a least-squaresmethod in the proper or-
thogonalvectorspace, that is, a reducedspace.The calculationof the
limit-cycleoscillationsis doneby meansof a � nite differencein time
approach(FDTA), similar to the � nite element in time approach.3¡10

Most recent research on reduced-order modeling has been fo-
cused on linearized systems. However, time-linearized techniques
havebeenusedbyNoor11 andStoneand cutler12 to modelboth linear
and nonlinear phenomena. The linearized reduced-order modeling
technique has been applied to a wide variety of systems, such as
Burger’s model of turbulence,13¡15 Euler equations,Navier–Stokes
equations,Raleigh–Bénardconvection,16 turbulence,and boundary-
layer models.17 Fully nonlinear normal modes and reduced-order
models have been investigatedalso for low-dimensionalsystems by
Shaw and Pierre.18 The nonlinear normal modes have been shown
also to be dif� cult to compute and interpret for high-dimensional
systems. Recently, Dowell and Hall1 have prepared a review of
eigenmode and POD-based reduced-order models for linear and
nonlinear aerodynamics of high-dimensionalsystems, which sum-
marizes and discusses much of the relevant literature and recent
research advances. The techniques presented in this paper are dis-
tinct from previous research in that they focus on a combinationof a
simultaneous model reduction and system identi� cation especially
designed for limit-cycle calculation using a FDTA computational
method.

There are several techniques for computing limit-cycle oscilla-
tions of nonlinear systems. These techniques are based on time in-
tegrationor harmonicbalancein the frequencydomain.Severalvari-
ations of the harmonic balancemethod (HBM) have been presented
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in the literature. Methods such as the classical and the incremental
HBM19 use the direct Fourier transform, thus requiring extensive
analytical work prior to implementation. Other methods such as
the fast Galerkin20 and the alternating frequency-timedomain tech-
nique use the fast Fourier transform instead of the direct Fourier
transform, and they have been shown to be more ef� cient compu-
tationally, more general, and easier to implement. Common to all
of these methods is that the original, time domain equationsdescrib-
ing the dynamics are transformed to an alternate vector space, that
is, the Fourier space. The transformed set of equations is then trun-
cated, and a � nite set of nonlinear algebraic equations is obtained.
The unknowns in these equations are typically Fourier coef� cients,
and theyare solvedbyan iterativemethodsuchasNewton–Raphson,
Broyden, etc. In this paper we present an alternate approach to the
Fourier transform. The fundamental idea of transforming the initial
set of differentialequations to a set of discrete algebraicequations is
maintained. However, the set of basis functions used for the trans-
formation are not sinusoidal in time but different, more general
functions. Also, the algebraic equations obtained after the transfor-
mation of the differential equations of the dynamics are solved in
the time domain rather than the frequency domain.

The HBM has been applied to a wide variety of problems and
is one of the most frequently used techniques to study periodic
solutions of nonlinear dynamical systems, that is, limit-cycle os-
cillations or forced responses.Computing the periodic solutions of
nonlinear dynamical systems21¡25 is critical for analysis, design,
and control applications.26¡28 Thus, the HBM has been studied by
researchersanalyzing a broad range of fundamental problems such
as predicting chaos,29 limit-cycle oscillations,30¡34 and many other
applications.35¡39 Hall et al.40 have developed a novel approach for
the nonlinear dynamics of high-dimensional aerodynamic models
that is broadly similar to the HBM; a more detailed discussion has
been presented by Dowell and Hall.1

The � rst step to be performed when using the HBM to determine
a periodic solution of a system of nonlinear differential equations
is to construct the harmonically balanced equations. The second
step is to solve the resulting nonlinear equations. These equations
have been solved in the literature using a wide variety of numerical
techniques.The most frequently used techniques are the incremen-
tal HBM,41¡43 the Newton–Raphson, and the Broyden methods. In
some cases these methods are used in conjunction with a continua-
tion method,44;45 because they are often highly nonlinear and have
multiple solutions.

Since the early successful attempts to apply the HBM, most re-
searchers have formulated the harmonic balance equations analyti-
cally, as part of their model.46;47 This approach has the drawback of
being rather dif� cult to apply to high-dimensionalsystems because
of the extensivealgebra involved,especiallywhen a multifrequency
HBM is employed.To automate the calculationof the frequencydo-
main equations, some researchershave used symbolic computation
techniques,48 whereas others have developed numerical algorithms
that can be applied to a certain category of problems.49;50

To alleviate this dif� culty, alternate implementationsof the HBM
based on the fast Fourier transformof the nonlinearsystem of equa-
tions have been proposed. These approaches are more easily ex-
tended to a wider variety of systems and, in some cases, do not
require an analytic generation of the harmonic balance equations.
Choi and Noah51 have used the fast Fourier transform and the al-
ternating frequency-time domain technique applied to piece-wise
linear systems. However, their implementation requires extensive
analytical calculations when the nonlinearities present in the sys-
tem are more complex. Cameron and Grif� n52 have investigatedan
iterative method used in conjunction with the HBM and have pre-
sented a comparisonbetween the Broyden method and the Newton–
Raphson method. The HBM has been used also with an alternating
frequency-time domain method, an extension of the fast Galerkin
techniquepresentedby LingandWu.20 Aprileet al.53 havepresented
a generalizedalternating frequency-timedomain method. Also, the
nonlinear frequency domain Broyden and Newton–Raphson iter-
ations have been compared to time domain methods such as the
Newmark integration.

In this paper the standard multifrequencyHBM is discussed,and
an alternate approach (i.e., the FDTA) is proposed. The speci� c
novel aspects of the proposed method are presented.An aeroelastic
example analyzing the dynamics of a panel forced by a buffeting
aerodynamic load is presented to demonstrate the performance of
the proposed method.

Model Reduction Methodology
Herein, the approach used to address the complexity caused by

the spatial distribution of the aeroelastic system is based upon
POD.1;54;55 This approach requires the simulation or the measure-
ment of the dynamicsof the system of interestover a time interval.A
model for the spatial coherenceof the dynamics is then constructed
based on this observation. For linear systems the models obtained
using POD are similar to models based on modal analyses. The
performance of the POD is nevertheless in� uenced by the level of
modal coupling caused by nonlinear phenomena. And, of course,
one can use linear modes as basis functions to represent nonlinear
phenomena; however, the nonlinear effects will lead to coupling of
these modes even though they are eigenmodes.

In the POD method1;54;55 the response of the system of interest
is obtained by time marching and stored in a state-space vector
solution Xi for a set of M time instants, that is, i D 1; : : : ; M . Each
solution vector Xi has L entries, where L represents the size of the
state space of the system. A matrix R of size L £ M is formed such
that its i th column is the solution vector Xi for each i D 1; : : : ; M .
A correlation matrix is then assembled of the form

C D RT R (1)

where the superscriptT indicates the transpose.The eigenvaluesof
the correlation matrix are then obtained by solving an eigenvalue
problem of dimension M £ M , that is,

Cvi D ¸i vi (2)

Among the eigenvalues obtained, the largest eigenmodes contain
most of the energy of the aeroelastic system. The reduced-order
modes vi and eigenvaluesare, therefore,organizedin descendingor-
der, that is, from the most important to the least important.The most
signi� cant m modes are then grouped in a matrix V of size M £ L
such that the i th column of V is the vector vi , with i D 1; : : : ; m.
The equations of motion and the state-space vector X are then pro-
jected onto the space spannedby the vectors vi (with i D 1; : : : ; m),
and a reduced-ordermodel is obtained.The state-spacevectorof the
reduced-ordermodel is a vector QX of (small) size m. The state-space
vector X is approximated by X D P QX, where the matrix P is given
by P D RV.

The approachused for addressing the temporal complexityof the
dynamics is based upon a local system identi� cation of limit-cycle
oscillations.26 The local system identi� cation method is an identi-
� cation technique designed for determining the dynamical models
of systems undergoinglimit-cycleoscillations.The local identi� ca-
tion method has been tested for low-dimensional systems and has
been shown to be a versatile and accurate method.26 The tests that
havebeen done for low-dimensionalsystemshave indicated that the
method can be attractive for the identi� cation of larger dimensional
systems, and its performance in the latter case is discussed herein.
The example used for testing the identi� ed reduced-order models
is a numerical simulation of an aeroelastic system composed of a
panel forced by a buffeting aerodynamic load.

The end results are low-dimensional models capable of predict-
ing accurately the dynamics of large, spatially distributednonlinear
systems in the neighborhood of a limit-cycle oscillation in phase
space. The entire identi� cation and model reduction procedure can
be summarized in four steps. First, time series of measurable dy-
namic variables are obtained from numerical computations or ex-
periments.Second, POD is used to identify coherent structures em-
bedded in the time series. Third, the dominant coherent structures
are used to construct a reduced-order model that is dependent on
unknown parameters. Fourth, the dynamics of the coherent struc-
tures is extracted from the time series and used for identifying the
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reduced-ordermodel (i.e., the unknown parameters of the reduced-
order model are identi� ed).

POD providesa set of basis vectors that characterizethe coherent
structures. However, POD does not provide a model per se unless
we reconstruct the original mathematical model in terms of POD
basis functions,1;54;55 or, as shown in the present paper, use system
identi� cation techniques to identify the parameters of the reduced-
order model from numerical or experimental data. Using the latter
approach, a reduced-order model can be obtained by considering
a general functional form of the model that depends on several
parameters, and then identifying these parameters, as shown in the
following sections.

Standard Harmonic Balance Method
The standard HBM is designed to determine approximately the

periodic solutions of a system of nonlinear ordinary differential
equations describing the dynamics of a system

f .x; Px; Rx; : : : ; t/ D 0 (3)

where f is a n-dimensional nonlinear function dependent on the
vector of unknowns x, its time derivatives Px, Rx, etc., and the time t .
The period T of a periodicsolutionxp is most often assumedknown,
and the solution is written as a Fourier series

xp.t/ D
1X

k D ¡1

cke
k!t j (4)

where ! D 2¼=T is the fundamentalfrequencyand j D
p

.¡1/. The
Fourier coef� cients have complex conjugate values ck D c¤

¡k when
the state vector x is real.

The essenceof the HBM is to truncate the series in Eq. (4) to a � -
nite numberofmodes N and then substituteit into Eq. (3).Then, one
extracts analytically or numerically (by means of a Fourier trans-
form) the coef� cients multiplying the terms ei!t j for all i D 0 : : : N
from the newly obtainedexpressionand sets them to zero, obtaining

gi .T ; c0; : : : ; cN / D 0 (5)

with the coef� cients c¡k appropriately substituted for c¤
k for all

k D 1 : : : N . One therefore determines a set of N C 1 nonlinear vec-
tor equations in the frequency domain that must be solved for the
unknown coef� cients ck , k D 0 : : : N . The Newton–Raphson tech-
nique and the incrementalHBM are the methods most often applied
to determine the Fourier coef� cients from Eq. (5) of the truncated
series that approximates xp . When the period T of the limit cycle
is unknown, one can use the same equations by � xing the value of
one of the coef� cients ck and solving for the period T along with
the remaining N coef� cients.20 Some researchers derive analytical
expressions for Eq. (5) for simple systems.46;47 However, Eq. (5) is
obtained most often numerically rather than analyticallybecauseof
the complexity of the Fourier transform of the nonlinearities.

Obtaining Eq. (5) for given values of the Fourier coef� cients ck

is a dif� cult and computationally expensive step in the implemen-
tation of the HBM. One approach to reduce the computational time
is to compute a time series of f , perform a fast Fourier transform
of this series, and extract a number of N C 1 Fourier coef� cients
of f . Then, these N C 1 Fourier coef� cients are used to complete
the HBM. When the solution of Eq. (5) is obtained, the N C 1 val-
ues of gi are approximately zero. They are considered the residual
in the iterative nonlinear solver used. Additionally, to implement
several nonlinearsolvers such as a standardNewton–Raphson tech-
nique one must compute the Jacobian matrix, which contains the
derivatives of gi with respect to ck .56 For complex functions f such
as numerically known functions, the transformation of Eq. (5) to
the time domain can be simpli� ed by using fast Fourier transforms,
for example. Nevertheless, such transformations are computation-
ally intensive, and their frequent evaluation leads to signi� cantly
longer computation time when compared to the � nite element in
time method discussedby Warner and Hodges9;10 or the FDTA pre-
sented in the next section.

The nonlinear equations obtained in the frequency domain are
complex and frequently do not have a simple analytical expres-
sion.Thus, most often general purposenonlinearsolvers are used to

determine the solution of these equations. Several researchers20;52

have investigated the Newton–Raphson approach and the Broyden
method52 for the alternating frequency-timedomain method. They
suggest that these methods fail under certain circumstances and
that more robust algorithms should be used. However, the problem
caused by the nonlinearities is still not solved completely. Indeed,
even the most robust techniques available might fail to converge
if the initial guess for a solution is not close enough to the exact
solution.57 In this paper we focus on the fundamental aspect of
the method employed rather than on the speci� c nonlinear solver
used. The FDTA is presented in the following section as an alter-
native approach to the frequency domain method or classical time
integration.

Finite Difference in Time Approach
One of the basic steps performed in the HBM is to approximate

the solutionof thedifferentialequationof thedynamics [Eq. (3)]bya
linear combinationof complex exponentialor sinusoidal functions.
We propose an alternate method. Instead of using complex expo-
nentials, we propose a different set of linearly independent basis
functions.These basis functions are denoted by bk.¿ / and are func-
tions of the nondimensional time ¿ , where ¿ D t=T , with T being
the period of the limit cycle to be computed.For the present discus-
sion the exact shape of the basis functions is considered � xed. The
rationale for calling the proposed technique a FDTA is discussed in
the next section.

Similar to the standard HBM, the solution of Eq. (3) can be ap-
proximated by

xp.t/ D
1X

k D ¡1

ckbk

³
t

T

´
(6)

where ck are unknown vector coef� cients. When the period of the
limit cycle to be computed is not known, the variable T is also un-
known. The series on the right-handside of Eq. (6) is then truncated
to a � nite number of modes N and substitutedinto Eq. (3). The time
derivatives of the unknown vector xp are computed based on the
truncatedseries. For example, the � rst-orderderivativeof xp can be
expressed as

Pxp.t/ D
1
T

NX

k D 0

ck
Pbk

³
t

T

´
(7)

Substituting Eq. (7) in Eq. (3), one obtains a set of N equations for
the unknown coef� cients ci multiplying each basis function bi for
all i D 0 : : : N . Similar to Eq. (5), one obtains

hi .T ; c0; : : : ; cN / D 0 (8)

Distinct from the HBM-type approaches, in the FDTA the basis
functions are not necessarily orthogonal although they are linearly
independent.Thus, Eq. (8) is not obtained by collecting the coef� -
cients multiplying the basis functions and setting these coef� cients
to zero (to be explained in the next section).But indeed Eq. (8) is an
equation for the coef� cients ci and the period T , that is, coordinates
of xp in the transformed space. However, Eq. (8) is expressed in the
time domain and not in the transformeddomain. The HBM is based
on Eq. (5) where all terms are expressed in the transformed space,
that is, the frequency domain. The difference between Eqs. (8) and
(5) is one of the fundamentaldifferencesbetween the FDTA and the
HBM.

Another substantial difference between the FDTA and the HBM
is that, by operating in the time domain instead of the transformed
space, the nonlinearities, the forcing terms and other aspects of
the model formally expressed by Eq. (3) are much easier to han-
dle computationally.Additionally, the transformationsbetween the
time domain and the transformed space are not required. Speci� -
cally, in the standard HBM one direct Fourier transform (or FFT)
is needed to determine the residual vector in the frequency domain
[Eq. (5)] starting from the current limit-cycle approximation x in
the time domain. Also, an inverse Fourier transform (or FFT) is
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needed at each iteration to update the limit-cycle approximation x
in the time domain based on the iteration step obtained from Eq. (5)
in the frequency domain. Neither the direct nor the inverse Fourier
transforms (or FFTs) are required in the FDTA.

Equation (6) does not depend explicitly on T because each basis
function bk .¿/ does not dependexplicitly on T . Each basis function
is speci� ed for ¿ between zero and one, wherein t=T lies. This
implies that the shape of the basis function is independent of the
period T , that is, thebasis functionsare independentof the timescale
used. In the next section we propose a set of basis functions and
describe in more detail how these basis functions provide a more
ef� cient path to the expression for Eq. (8).

Basis Functions
Distinct from the HBM, we consider as unknowns the values of

x at speci� c time instants. This is equivalent to consideringas basis
functionsa set of interpolationfunctions.For simplicity and without
any loss of generality, the interpolation functions are chosen to be
second order. Of course, the decisionas to whether a � rst-, second-,
or a higher-order interpolation should be used is dependent upon
the particular application and the order of the differential equation
of the dynamics, Eq. (3).

The time values that de� ne the unknownsare denotedby ti . Also,
each basis function bi is de� ned as a second-order interpolation
function for the time interval [ti ¡ 1I ti C 1], that is,

bi .¿ / D

8
<

:

0; ¿ · ti ¡ 1=T

qi .» /; ti ¡ 1=T · ¿ · ti C 1=T

0; ¿ ¸ ti C 1=T (9)

where the time fraction» is givenby .¿ T ¡ ti ¡ 1/=.ti C 1 ¡ ti ¡ 1/. The
functions qi .» / can be consideredquadratic interpolationfunctions
of the nondimensionalfractionof time » . For simplicity,we consider
that the time values ti are uniformly distributed between zero and
T , that is, ti D [.i ¡ 1/=.N ¡ 1/]T , so that the nondimensionaltime
values ¿i are 0, 1=.N ¡ 1/, 2=.N ¡ 1/, : : : , .N ¡ 2/=.N ¡ 1/, 1.
The quadratic interpolation functions are considered to satisfy
ci qi .0/ D x p.ti ¡ 1/, ci qi .

1
2 / D x p.ti /, and ci qi .1/ D x p.ti C 1/. Thus,

the � rst- and second-order derivatives of xp are evaluated using a
centered � nite difference. For a uniformly distributed set of values
¿i , Eq. (7) can be expressed as

Pxp.ti / D [.N ¡ 1/=T ]f[xp.ti C 1/ ¡ xp.ti ¡ 1/]=2g (10)

In a state-space formulation it is not necessary to approximate the
second- and higher-order derivatives using � nite differences. Nev-
ertheless, a state-space formulation leads to a larger number of un-
knowns (as velocities are unknown). An alternate method, which
does not increase the number of unknowns, is to approximate the
second- and higher-order derivatives in time using a standard � nite
difference approach.Thus, the second-orderderivativeof xp can be
expressed as

Rxp.ti / D [.N ¡ 1/=T ]f[Pxp.ti C 1/ ¡ Pxp.ti ¡ 1/]=2g

D [.N ¡ 1/=T ]2f[xp.ti C 1/ ¡ 2xp.ti / C xp.ti ¡ 1/]=4g (11)

where Pxp.ti / are given by Eq (10). The speci� c choice of interpo-
lation functions determines the highest level of nonzero derivative,
which is possible to model. For example, the second-order interpo-
lation with uniform distributionof ¿i models nonzeroderivativesup
to second order. Moreover, the time intervals used for discretization
do not have to be of equal length,although in the examplesprovided
we considered equal length time intervals for simplicity.

Substituting Eqs. (10) and (11) into the differential equation of
the dynamics [Eq. (3)], one obtains a set of N vector equations for
the N values of ¿i , that is,

f

µ
xp.ti /;

xp.ti C 1/ ¡ xp.ti ¡ 1/

2
1;

xp.ti C 1/ ¡ 2xp.ti / C xp.ti¡1/

4
12; : : : ;

¿i

1

¶
D 0 (12)

where 1 is the inverse of the period 1 D 1=T . For each value of
¿i , one obtains n equations from Eq. (12), which amount to a total
of n £ N equations. The unknowns are the N values of the vec-
tor xp.ti / of size n, that is, a total of n £ N unknowns. When the
value of the period T is known, the coef� cient 1 is known, and
the n £ N can be solved for the n £ N unknowns. Additionally, the
values xp.t0/ and xp.tN C 1/ required when the index i is 1 or N
are easily expressed based on the periodicity of the limit cycle, that
is, xp.t0/ D xp.tN ¡ 1/ and xp.tN C 1/ D xp.t2/. These equalities are
used in Eq. (12) to express xp.t0/ and xp.tN C 1/ in function of the
unknowns xp.ti /, where i varies from 1 to N . When the period T
of the limit cycle is unknown, there are n £ N C 1 unknowns to be
solved for. The equations used are the same n £ N equations ob-
tainedusingEq. (12) for i from1 to N . In addition,the (n £ N C 1)th
necessary equation is obtained by imposing a given value to one of
the variables xpi .t j / or its time derivative Pxpi .t j /, which requires
a priori knowledge of the system properties. However, this knowl-
edge is commonly available.For example, one usually knows that a
variable (such as a position coordinate at location i ) is zero at some
unknown instant during the motion. In such a case one sets xpi .t j /
to zero for j D 1. The index j can be chosen 1 or any arbitraryvalue
( j · N ) because its role is simply to set the phase of the limit cycle
computed.The same limit cycle is obtained for distinct values of j ,
although the phase of the limit cycle varies with j .

When a nonuniform distribution of the time values ti is used,
then Eq. (12) has a different form because the � nite differences in
Eq. (10) are not centered � nite differences, and the derivatives at
time ti depend not only on the values of the unknowns xp.ti C 1/ and
xp.ti ¡ 1/, but also on xp.ti /. However, these features do not affect
the general approach or the simplicity of the method.

An important advantage of the FDTA over the HBM is the fact
that the Jacobian @f=@xp.ti / necessary to solve Eq. (12) is highly
structured and sparse. The Jacobian is a block s diagonal, where
s is the size of the highest order � nite difference stencil used to
approximate time derivatives. For the example problem discussed
in the following, the Jacobian is block tridiagonal.The size of each
block is equal to the size of the vector xp , that is, the number of
coordinates. The favorable structure of the Jacobian overcomes the
problem commonly encountered in the standard HBM where the
Jacobian is full (not sparse) and increases in size as the square of
the number of coordinates and frequencies used. Thus, the advan-
tage of the proposed method over the standard HBM is two-fold.
First, the Jacobian is easy to compute as it is sparse, requires few
computations, and can be implemented in a simple numerical or
analytical routine. Second, the solution of the linear set of equa-
tions necessary for a Newton–Raphson (or other) iterative solver
can easily be computed because fast and simple routines for solv-
ing linear systems with block bandedmatrices are widely available.
When the period T of the limit cycle is unknown, the structureof the
Jacobian is modi� ed slightly. One additional full column and one
additional (simple and sparse) row are added. Nevertheless, sim-
ple methods from linear algebra are available for dealing with this
issue.58

The FDTA is a time-based method, and the � nal results bear a
strongsimilarity to the � nite element in time approach.9;10 However,
distinct from the � nite element in time approach,the presentmethod
uses � nite differencesrather than � nite elements.Thus, in the FDTA
there is no appeal to a variational principle per se,59 although the
limit-cycle oscillations are computed using the original differential
equations in time directly.

Panel Forced by Buffeting Aerodynamic Loads
The nonlinear aeroelastic system used for testing the method-

ology presented in the preceding section is a panel responding to
a buffeting aerodynamic � ow.60 The differential equation govern-
ing the dynamics of the panel can be obtained using piston theory
for modeling the aerodynamic loads caused by panel motion and
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classical plate theory for modeling the panel. The partial differen-
tial equations governing the dynamics of aeroelastic system can be
expressed as

w0000.x; t/ ¡ Pw00.x; t/ ¡ G

" Z 1

0

w02.»; t/ d»

#

w00.x; t/

C Hw0.x; t/ C A Rw.x; t/ C B Pw.x; t/ D q.x; t/ ´ qC ¡ q¡

(13)

where x varies from 0 to 1 and q is an external forcing caused
by a buffeting pressure � uctuation across the panel caused by an
additional external aerodynamic forcing (i. e., q is proportional to
the local pressure difference across the panel). The superscripts C
and ¡ indicate the lower and upper sides of the panel. The prime
indicates spatial derivatives, and the dot indicates time derivatives.
A sketch of the panel is shown in Fig. 1.

The coef� cient G in Eq. (13) characterizes the nonlinear tension
stiffness of the panel induced by bending deformation w and is a
function of the modulus of elasticity of the material and the thick-
ness of the panel. The numerical values used for the coef� cients
in Eq. (13) are A D 1, B D 3:87, G D 5:62, H D 150, and T D 0:25.
These values are chosen based on previous numerical results pre-
sented in the literature,60 such that they characterize a plate that
might undergolimit-cycleoscillations,chaoticdynamics,and stable
buckling. Each of these types of dynamics is obtained for distinct
values of the parameter P , which characterizes the in-plane load
applied externally to the panel in the x direction. Speci� cally, this
parameteris set to 49:35 when investigatingthe case of forcedor free
limit-cycleoscillations,to 20 when studyingstable oscillations,and
to 100 when discussingchaotic dynamics.Also, the forcing magni-
tude q0 is set to 350 when investigating forced oscillations.

Equation (13) is discretized in space using a second-order � nite
difference scheme. Steady-state or static solutions are computed
� rst. The importance of the nonlinear terms in Eq. (13) is shown by
the signi� cant difference between the steady-state linear and non-
linear solutions. Shown in Fig. 2 are the steady-state panel shapes
for the nonlinearmodel and also for the linearizedmodel where G is
zero. The unsteady discretizedequationsare then integrated in time
starting at rest from the steady state, that is, w.x; t D 0/ D w.x/steady

and Pw.x; t D 0/ D 0. An unsteady pressure difference across the

Fig. 1 Panel forced by a buffeting aerodynamic load.

Fig. 2 Steady solution for the linear and nonlinear models for an
in-plane load characterized by a coef� cient P of 49.35.

Fig. 3 Eigenvalues of the correlation matrix computed for a case of a
stable panel, a limit-cycle oscillation, and a chaotic panel dynamics.

Fig. 4 Time-marching solution for a panel forced with unsteady loads
using the full model, the reduced-order model, and the identi� ed
reduced-order model with � ve modes.

panel is applied when forced oscillations are investigated, that is,
q.x; t/ D q0[1 C 0:5 sin.2¼ t=T /] D qC ¡ q¡ 6D 0.

The deformation of the panel can be modeled in various ways.
For example, � nite elements (in space) or � nite differences can be
used to discretize Eq. (13) in space. Nevertheless, these approaches
lead to very large discrete models, which include values of w at
many x locations along the panel. However, the shapes of the panel
are few and coherent. Herein, POD is used and con� rms the exis-
tence of these coherent structures.Snapshots of a position along the
panel at M D 100 time instants from time 0 to 1 are collected. The
existence of spatial coherence and dominant modes, a fundamental
requirement for the applicability of model reduction, is con� rmed
by computing the eigenvalues of the two-point correlation matrix
C obtained using the 100 snapshots. Figure 3 shows that only a
few of these eigenvalues are large, indicating the existence of a
few dominant coherent structures.The existence of these dominant
structures is con� rmed also by constructing several reduced-order
modelswith 3, 5, and 15 deg of freedom.The reduced-ordermodels
are integrated in time, and the results obtained agree very well with
those using the full model, as shown in Fig. 4, where P is 49:35
and q0 is 350, and Fig. 5, where P is 20 and q0 is zero. For clarity,
the numerical results present the displacement at the quarter-length
point of the panel only, that is, w.x D 0:25; t/. Nevertheless,similar
results are obtained at all other locations along the panel.

A local system identi� cation can be used to identify the reduced-
order models just discussed when experimental data are available.
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Fig. 5 Time-marching solution for a panel using the full model and
three distinct reduced-order models for a case of a stable (no limit-cycle
oscillations) panel dynamics.

To simulate this approach,one � rst choosesa functionalform for the
model of the time evolution of the system. This form is based upon
the known form of the governing structural and � uid theoretical
models, that is, Eq. (13) The form chosen herein is a vector poly-
nomial of degree three, which models the nonlinear state equation
and forcing as

Fi .Q/ D Ci C Ji; j Q j C Hi; j;k Q j Qk C Ti; j;k;p Q j Qk Q p (14)

where F.Q/ is a nonlinear vector function of dimension m con-
taining all spatial derivative terms in Eq. (13), and Q is a vector of
dimension m representing the m coordinates of the reduced-order
model, that is, modal coordinates, also referred to as POD coordi-
nates. All indexes i , j , k, p vary from one to m, and all double
indexes indicate summation. All of the coef� cients Ci , Ji; j , Hi; j;k ,
and Ti; j;k;p are constant in time, and they are obtained by means of
a system identi� cation, as follows.

Next, the parametersof the model shown in Eq. (14) can be iden-
ti� ed based on experimental data. To simulate these data, one can
collect time series for w at a number of 50 locationsalong the panel
in the x direction. These locations are uniformly distributed from
x D 0 to 1. In addition, the time series contains information only for
the de� ection of the panel w, but not its velocity. The velocity is
determined by using � nite differences. A local identi� cation of the
dynamics is used. Moreover, to simulate noise in the data a random
perturbationof 1% is introduced.For each location along the panel,
1000valuesare collectedat time instantsdistributeduniformlyfrom
time 0 to 1. These values are used to form an overdetermined set
of linear equations for the coef� cients to be identi� ed. This system
of equations is solved for the unknown system coef� cients, Ci , Ji; j ,
Hi; j;k , and Ti; j;k; p . For each of the1000 sets ofmeasuredcoordinates,
m equationsare constructed.For the calculationpresented in Fig. 4,
a set of 1000£ m D 5000 linear equations are formed and solved
using the least-squares method for the total number of unknowns
m4(for Ti; j;k;p/ C m3(for Hi; j;k / C m2(for Ji; j / C m(for Ci / D 54 C
53 C 52 C 5 D 780.

The results given in Figs. 5, 6, and 7 con� rm that the existence
of dominant modes in the dynamics of a system can be successfully
exploited to construct accurate reduced-ordermodels. However, in
the case of chaotic dynamics the accuracy of these reduced-order
models is maintainedonly over a � nite time interval and around one
given trajectory. This is a consequence of the sensitivity to initial
conditions, an intrinsic feature of all chaotic systems. Speci� cally,
if at one given time instant the effect of a nondominant mode is
neglected, then that leads to a very small error locally in the state-
space trajectory.However, this error grows exponentiallyin the case
of chaoticdynamics,as observedin Fig. 7 wherea three-modemodel
is shown to predict the dynamics only over a short time interval.
Whenmoremodes are includedin the reduced-ordermodel, the time

Fig. 6 Time-marchingsolution for panelusing the full model andthree
distinct reduced-order models for a case of a panel with limit-cycle
oscillations.

Fig. 7 Time-marching solution for a panel using the full model and
three distinct reduced-order models for a case of a panel with chaotic
dynamics.

interval where model reduction is accurate is increased. In contrast,
Fig. 5, shows that reduced-ordermodels are accurateover long time
intervalswhen the dynamics indicatesa stable,decayingoscillation.
Moreover, reduced-order models are accurate in the case of limit-
cycle oscillations, as shown in Fig. 6. In all these calculations the
difference between the dynamics predicted by the full model and
the reduced-ordermodels is less than 5%.

The presence of sensitivity to initial conditions and chaotic dy-
namics can limit the applicability of reduced-order models in pre-
dicting globally the dynamics of a system. However, reduced-order
models can successfully be used in a local fashion. In many appli-
cations, such as chaos suppression, targeting, or limit-cycle stabi-
lization, the models used to predict the dynamics of the system do
not have to be globally accurate over the entire state space. Typi-
cally, these models are required to be accurate only locally, along
one trajectoryof the system.26 Thus, reduced-ordermodeling can be
successfullyused for localmodelingas well as local system identi� -
cation. The local system identi� cation method26 is an identi� cation
technique designed for determining the dynamical models of sys-
tems undergoinglimit-cycleoscillations.For example, Fig. 4 shows
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Fig. 8 Limit-cycle oscillations computed using time marching and the
FDTA for a panel forced with unsteady loads with zero structural non-
linearity (G = 0).

Fig. 9 Limit-cycle oscillations computed using the FDTA for the full
nonlinear model and an identi� ed nonlinear reduced-order model of a
panel forced with unsteady aerodynamics.

that the combinedreduced-ordermodelingand systemidenti� cation
are accurate models in the case of a limit-cycle oscillation. In all
of these calculations,an error less than 5% is obtained. In addition,
the FDTA presented in the previous section can be used to com-
pute limit-cycle oscillations for both the cases of stable or unstable
oscillations as well as limit-cycle oscillations.

Both the full model and the identi� ed POD model are used to
apply the FDTA for computing limit-cycle oscillations. The lin-
earized response of the panel (for G D 0) forced by the unsteady
loading is shown in Fig. 8. The FDTA is applied also to the non-
linear aeroelastic model of the � ow and panel, and the results are
shown in Fig. 9. For both the linear and nonlinear case the shapes
of the panel at 25 successive time instants during one period of the
oscillations are presented. The identi� ed reduced-order aeroelastic
model is also used in conjunction with the FDTA. Good agreement
in predicting the limit-cycle behavior (e.g., amplitude and spatial
shape) between the reduced-order and the full models is obtained,
as shown in Fig. 9. In all of the results presented in Figs. 8 and 9, the
difference between the dynamics predicted by the full model and
the computed and identi� ed reduced-ordermodels is less than 5%.

Features of the Finite Difference in Time Approach
Several advantagesof the FDTA as compared to the fast Galerkin

and the alternating frequency-time domain techniques were noted.
One of the important advantages is that the computation time

requiredby the FDTA grows linearlywith N instead of N 2 log N or
N 2 as in other methods. The growth is linear because only systems
of linear equations with bidiagonal and tridiagonal matrices have
to be solved at each iteration step. Also, the method works for au-
tonomous as well as nonautonomous forced systems and is equally
applicable to problems where subharmonicsor superharmonics are
to be calculated.

The FDTA resembles the alternating time-frequency
method,20;52;53 but it is signi� cantly different, for example, the basis
functions used are fundamentally different. The basis functions for
the FDTA are interpolation functions, as distinct from sinusoidal
functions.Also, the technique for computing time derivativesis dif-
ferent, and the FDTA operates and iterates in the time domain only,
rather than alternating between time and frequency domains.

The FDTA can be used to handle complex nonlinearities. How-
ever, the complexity of the nonlinearity is transferred to the non-
linear solver to some extent. Thus, the stronger and more complex
the nonlinearitiesare, the less robust the available nonlinearsolvers
are likely to be. Nevertheless, the current method is not limited to
piecewise linearnonlinearitiessuch as the methodproposedby Choi
and Noah.51

The FDTA can use basis functionswhere the time sampling is not
uniform, as distinct from most FFT-based approaches.The nonuni-
formity of the time samples is a distinct advantage in those appli-
cations where the dynamics must be resolved more � nely only in
certain parts of the limit cycle and not uniformly throughout the
entire period of oscillation.

A Newton–Raphson iterative method has been applied to the nu-
merical equations obtained via the FDTA, and a fast and easy to
implement algorithm has been presented, providing a useful and
general tool for studying complex nonlinear dynamic systems. The
novel contribution of the method proposed is not the use of the
Newton–Raphsonmethodper se, but rather the idea of usingalterna-
tive basis functionswhen approximatingthe shapeof the limit cycle.
Also, the derivatives required for the implementation of the FDTA
can be precomputed, and a general expression for the residual vec-
tor can be obtainedwithout extensive analytical or numerical work.
Moreover, the method proposed herein can be used in conjunction
with the solution algorithm presented by Leung and Ge61 because
most symmetrical � nite difference formulations used in the FDTA
lead to a Toeplitzstructureof the Jacobian.However, it is not the pur-
pose of the present paper to discuss the applicability or robustness
of various nonlinear solvers. To implement the FDTA, any iterative
or direct solution algorithmcan be used, although the direct solvers
typically require a large storage during computations. In the nu-
merical examples presented, we used Newton–Raphson iterations.
Methods such as pseudo-time marching, Broyden method, or other
iterative methods can be used as well.

Conclusions
A low-dimensionalmodel of the spatialdistributionof a buffeting

panel was constructed starting from a high-dimensional model by
means of model reductionusingPOD. The time evolution/dynamics
of the panel forced by an aerodynamic load was modeled and iden-
ti� ed by means of a system identi� cation. The dynamics of the
identi� ed reduced-order models was compared to the dynamics of
the full model, and good performance of the models, as well as the
identi� cation procedure, was found. Limit-cycle oscillations were
computed and modeled using the FDTA and POD.

The local system identi� cation method was shown to provide ac-
curate and useful resultswhen combinedwith model reduction.The
principal factor limiting the highest dimension of the system to be
analyzed is the number of parameters of the model to be identi-
� ed. The critical factor affecting the performance of the identi� ed
reduced-order model is the accuracy achieved in the calculation of
the dominant coherent structures.
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